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In present work we examine the implications on both, space-time measures and causal structure,
of a generalization of the local causality postulate by asserting its validity to all motion regimes, the
subluminal and superluminal ones. The new principle implies the existence of a denumerable set
of metrical null cone speeds, {cku, where c1 is the speed of light in vacuum, and ck{c » ǫ
´k`1 for
k ě 2, where ǫ2 is a tiny dimensionless constant which we introduce to prevent the divergence of the
x, t measures in Lorentz transformations, such that their generalization keeps ck invariant and as
the top speed for every regime of motion. The non divergent factor γk equals kǫ
´1 at speed ck. We
speak then of k´timelike and k´null intervals and of k-timelike and k-null paths on space-time, and
construct a causal structure for each regime. We discuss also the possible transition of a material
particle from the subluminal to the first superluminal regime and vice versa, making discrete changes
in v2{c2 around the unit in terms of ǫ2 at some event, if ponderable matter particles follow k-timelike
paths, with k “ 1, 2 in this case.
PACS numbers: 03.30.+p, 04.20.Gz
I. INTRODUCTION
The theory of relativity in the restricted sense (special
relativity) was developed by Einstein [1] using two fun-
damental assumptions, the principle of relativity and the
invariance of light speed in vacuum for inertial observers
in uniform relative motion. Thereafter, Minkowski [2] in-
troduced the notion of space-time and of invariant inter-
vals, as well as light cones (past and future) associated
to some event, timelike and spacelike vectors. Almost
five decades after the development in full of the general
theory of relativity [3], Hawking and Ellis [4] rewrite it
in a formal way using three postulates for their space-
time physics, being the first one that of local causality,
in which local light cones are fundamental to define the
space-time causal structure. As they have pointed out
in their work, tachyons are excluded from this formal de-
scription of space-time, for they follow spacelike intervals
instead of timelike ones associated to current material
particles. Apart from this trouble, apparently there is
no other physical impediment for the existence of ma-
terial particles traveling in space at speeds larger than
the speed of light in vacuum. This fact led to many re-
searchers to present their works on superluminal particles
or tachyons, for instance, Feinberg [5], Fox et al. [6], Ca-
menzind [7], Bers et al. [8], Asaro [9], Recami et al. [10],
Liberati et al. [11], Ehrlich [12], Hill and Cox [13], and
many others. In some of these works, Lorentz radical is
changed to
a
v2{c2 ´ 1 in order to keep it a real number.
Further, they partition speed values for material particles
in two ranges, namely, the subluminal regime 0 ď v ă c
and the superluminal one c ă v ă 8. This kind of su-
perluminal regime clearly does not have an upper bound.
Present work proposes that the local causality princi-
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ple of space-time physics is valid for all motion regimes,
the subluminal and superluminal ones. This implies the
existence of at least a second metrical null-cone charac-
terized with a speed c2 ą c while maintaining the first
one, i.e. the light cone with speed c1 “ c. However, if
one allows that superluminal speeds take all positive val-
ues, then under present hypothesis there could exist also
other metrical null-cones with speeds c3, c4, etc., so that
we can say that there are many null-cones, each one with
an associated speed ck with k ě 1, a natural number.
Einstein’s velocity addition rule implies that light speed
in vacuum is the top speed in the subluminal regime of
speeds; further, light speed in vacuum is the speed asso-
ciated to the first metrical null-cone. Therefore, if there
are other metrical null-cones as we propose here, then
their associated speeds, ck with k ě 2, must also follow
a rule for velocity addition which keeps ck as the maxi-
mum speed for their respective speeds range, with speed
values in the interval ck´1 ă v ď ck. We include here the
top speed in these speed ranges, for Einstein’s velocity
addition rule is valid for speeds in the interval 0 ď v ď c,
though Lorentz transformations do not include the case
v “ c, which is compatible with the impossibility to find
a reference frame at the speed of light in vacuum. Thus,
in present work we partition speed values in two kind
of ranges, the subluminal one with speeds in the interval
0 ď v ď c, a closed interval including both endpoints, and
an indefinite large number of superluminal ranges, each
one with speeds in the half-closed interval (right-closed)
ck´1 ă v ď ck, with k ě 2.
In next section we deal with the subluminal regime
of motions. We begin it by exploring a generalization
of Lorentz transformations, which keeps invariant light
speed in vacuum and also become finite at this limit
speed. We carry out it in two steps. First, we include
a very tiny constant (say, ǫ2) within the square root in
the terms where it appears in Lorentz transformations, in
order that such terms become finite at the speed of light;
2we call here γ1 to the non-divergent term. As a second
step, we change the equations for y and z, because we
want that the new set of space and time measures let in-
variant light speed in vacuum. The new expressions for
y and z are such that y{y1 and z{z1 equals β1γ1, where
β1 is the old radical this time in the numerator. We can
write down our set of space-time equations in a matrix
form, namely, as the factor β1γ1 times an inverse Lorentz
matrix; therefore, we can say that our set of space-time
measures can be described as obtained from a Lorentz
transformation followed by a “regularization” transfor-
mation. Then, we found the inverse equations through a
matrix process and derive the expressions for moving rods
and clocks. Einstein’s rule for velocity addition remains
the same. At light speed, the factor β1 vanishes while
γ1 equals ǫ
´1. The metric is conformal to a Minkowkian
one with a conformal factor β21γ
2
1 . Our new space-time
measures approach Lorentz transformations for most rel-
ativistic speeds, i.e. when β21 ąą ǫ2.
The following section deals with superluminal motions.
We begin considering the first superluminal regime,
which holds for the speeds interval c1 ă v ď c2, with
c1 “ c; then we develop the appropriate space-time mea-
sures for all superluminal regimes. The corresponding
space-time equations have the same algebraic form as
the generalized Lorentz transformations introduced here
for the subluminal regime. For superluminal regimes, we
have factors βk, γk, k ě 2, where in a similar way as we
do here with the subluminal regime, we impose that the
factor βk vanishes at the speed ck whilst γk “ kǫ´1 at
that top speed, for all motion regimes. These conditions
emerge from the supposition that there is a top speed
ck for the respective interval of speeds. In this way we
obtain a generalized dimensionless rule for velocity addi-
tion which warrants the existence of that top speed. We
give the form of all γk factors and with the condition of
its value at the top speed, we infer that ck » ǫ´k`1c for
all k ě 2. Therefore, we have that ck`1 ąą ck for k ě 1
because ǫ2 is a very tiny quantity. We include in this
section the values of lengths of moving rods and of time
intervals of clocks in motion.
We make a description of the causal structure for all
motion regimes in the next section. We define first a
k-quadratic form for every pair of events, and later we
introduce the here so called “k-interval”, taking into ac-
count c2kdt
2 and the squared differentials of x, y, and z,
adding them with negative sign. Thus, our k-intervals
are of types k-timelike or k-null, depending if they are
positive or zero, respectively. We define also k-timelike
and k-null curves. Given some space-time event, say p,
we find the region of space-time which can be joined from
p with k-timelike paths following the arrow of time, de-
noted here I`k ppq, which we call the k-chronological future
of p, and the future oriented k-null cone associated to it,
denoted here N`k ppq. The union of the two give the set
of events J`k ppq, which can be called the k-causal future
of p. Similarly, we construct also the sets of events which
arrive to p following the arrow of time, through either
k-timelike or k-null paths, to obtain the sets I´k ppq (the
k-chronological past of p) and N´k ppq, respectively, and
its union the set J´k ppq, called here the k-causal past of p.
Achronal hyper-surfaces are defined for an event p as the
set of all events for which the k-quadratic form mentioned
above become negative for all positive integers k.
Finally, we make an interpretation of the form which
acquire our space-time measures for each speed ck, k ě 1,
associated to every k-null cone. We also estimate a value
for our new tiny constant as ǫ2 „ 10´54. In the final dis-
cusion we examine the possibility of a discrete transition
around the speed of light value for a material particle,
such that v2{c2 could change in terms of ǫ2 around the
unit in both senses, if ponderable matter particles ever
follow k-timelike paths; k “ 1, 2 in this case.
II. SUBLUMINAL MOTIONS
In present work we assert that the principle of local
causality holds at all motion regimes, that is, valid for
both, subluminal and superluminal motions. Then, we
infer the existence of not only light speed as the top
speed for subluminal motions but also the existence of
at least a second speed, say c2 ą c, which serves as the
top speed for the first range of superluminal motions. If
we accept that superluminal motions consider all speeds
greater than light speed, then there should exist also
many top speeds for superluminal motions, say c3 ą c2,
c4 ą c3, and so on, in order to preserve local causality. In
this way, speeds are partioned in intervals such that the
subluminal regime of motions goes in the range of speeds
0 ď v ď c, which is a closed interval of real numbers,
while superluminal motion regimes go in ranges of speeds
which are semiopen intervals of the type ck´1 ă v ď ck
for k ě 2; in this notation we make c1 “ c. We construct
then space-time measures which for all regimes imply a
dimensionless Einstein’s rule for velocity addition. We
have that this rule includes all speeds ck, k ě 1; based
on this property, we will also consider space and time
measures valid for all speeds in the respective interval of
speeds associated to the motions regime, which is given
by the positive integer k, where k “ 1 denotes the sub-
luminal motions regime.
We start with the subluminal regime of motions. In
this regime, we construct space and time measures which
preserve the invariance of light speed in vacuum and
which do not diverge at the light speed value. The last
condition does not imply the existence of relative motions
between inertial frames at that top speed, because from
any inertial frame light speed takes the same value due to
its invariance. The choice of no divergence at light speed
for our space-time measures is to assure that both, the
space-time measures and the rule for velocity addition
holds for the complete interval of speeds of this regime
of motions. Further, as we shall see later, it gives us
a way to calculate the top speed for every superluminal
regime. Let ǫ2 be a real positive dimensionless constant,
3very small with respect to the unit; later in this paper
we will estimate its value as of the order of 10´54 -cf.
eq.(28). Let us add this constant within the square root
which appears in Lorentz transformations, so that our
new non-divergent x and t measures are:
x “ x
1 ` uct1?
1` ǫ2 ´ u2 , ct “
ct1 ` ux1?
1` ǫ2 ´ u2 , (1)
where u “ v{c is the dimensionless speed of some inertial
frame (primed variables) which is moving uniformly with
respect to another inertial frame along the x-axis in the
positive sense. To preserve light speed in vacuum as the
maximum and invariant speed for all inertial frames, we
ought to modify the expressions for y and z as well:
y “
ˆ
1´ u2
1` ǫ2 ´ u2
˙1{2
y1, z “
ˆ
1´ u2
1` ǫ2 ´ u2
˙1{2
z1. (2)
We see that eqs.(1),(2) approach Lorentz transformations
for most relativistic speeds, that is when 1 ´ u2 ąą
ǫ2 holds. We can rewrite eqs.(1),(2) in an algebraic
form which enables their generalization to other motion
regimes. First, let us call γ1 to the non divergent term
in these expressions:
γ1 “ p1` ǫ2 ´ u2q´1{2, u2 “ v2{c2. (3)
This gamma factor equals ǫ´1 when v “ c, which is a
large quantity but anyway a finite one. With this gamma
factor (γ1) our x, t measures are:
x “ γkpx1 ` ukckt1q, ckt “ γkpckt1 ` ukx1q, (4)
where k “ 1 for the subluminal regime, for which c1 “ c,
u1 “ v{c1, and the γ1 factor is given by eq.(3). The
expressions for the y and z measures in the new algebraic
form are:
y “ βkγky1, z “ βkγkz1, βk “ p1´ u2kq1{2, (5)
where k “ 1 for the subluminal regime of motions, that
is, for 0 ď v ď c. We see that for v “ c, our set of eqs.(5)
imply the vanishing of y, z measures, while at that speed
eqs.(4) give,
x “ ct “ ǫ´1px1 ` ct1q. (6)
From eqs.(4),(5) we can obtain Einstein’s rule of ve-
locity addition in a compact and dimensionless form:
U2k “ 1´
p1´ U 12k qp1 ´ u2kq
p1` uk ¨U1kq2
, (7)
where uk ¨ U1k stands for a dot (scalar) product be-
tween 3-vectors of dimensionless velocities, uk “ v{ck,
U1
k
“ V1{ck, and the Cartesian components of vector
V1 are dx1{dt1, dy1{dt1, dz1{dt1; the derivatives of the
respective unprimed variables leads to the dimensionless
speed Uk. Vector v, can be considered as usual, that
is, as the uniform relative velocity between two inertial
observers, except when its magnitude equals the speed
of light in vacuum, c, which we interpret later.
The set of eqs.(4),(5) for space and time measures, can
be written in a matrix form and from it we can derive
their inverses. In effect, if L is the matrix associated to
the complete set of these equations, in a matrix form
they are X “ LX 1, where X ,X 1 are column vectors with
X “ pckt, x, y, zqT , in which T denotes the transpose op-
eration, andX 1 stands for the respective primed variables
column vector. We can easily check that the determinant
of the 4ˆ 4 matrix L equals β4kγ4k, which does not vanish
for v ‰ ck; then, we can invert matrix L and obtain the
inverse of eqs.(4),(5) by means of X 1 “ L´1X . In this
way, the inverse space-time measures are:
ckt
1 “β´2k γ´1k pckt´ ukxq, (8)
x1 “β´2k γ´1k px´ ukcktq, (9)
y1 “β´1k γ´1k y, z1 “ β´1k γ´1k z. (10)
Let us observe that in the subluminal motions regime
these expressions reduce to the well known ones associ-
ated to Lorentz transformations for β2
1
ąą ǫ2. In the
previous notation, Lorentz transformations are usually
written in a matrix form as X 1 “ ΛX , so that X “ Λ1X 1,
where Λ1 is the inverse matrix of Λ. Let us write now our
set of eqs.(4),(5) in a matrix form as:
X “ βkγkΛ1kX 1 “ LkX 1, Lk “ βkγkΛ1k, (11)
where Λ1k is a generalization of the Lorentz matrix and
equals to it for k “ 1. For any integer k ě 1 one has:
Λ1k “
»
——–
β´1k ukβ
´1
k 0 0
ukβ
´1
k β
´1
k 0 0
0 0 1 0
0 0 0 1
fi
ffiffifl (12)
The inverse matrix of Λ1k, Λk, is obtained from eq.(12)
changing the sign of uk. Thus, the inverse eqs.(8)-(10)
can also be expressed as X 1 “ β´1k γ´1k ΛkX , uk ‰ 1.
From these equations we can obtain a rule to add speeds,
which in a compact form is similar to eq.(7), interchang-
ing Uk and U
1
k, and changing the term with the dot prod-
uct there by ´uk ¨Uk. We can also write down eqs.(4),
(5) in a vector form as:
r “ βkγkr1 ` γk
”
p1´ βkquk ¨ r
1
u2k
` ckt1
ı
uk,
ckt “ γk
`
ckt
1 ` uk ¨ r1
˘
.
(13)
Then, for v “ ck there is only one degree of freedom:
r “ ckt eˆ “ kǫ´1
`
r1 ¨ eˆ` ckt1
˘
eˆ, (14)
4where eˆ “ uk{uk denotes the direction of propagation.
For subluminal motions, we can calculate lengths of
moving bodies in the customary relativistic way, that
is, measuring simultaneously their extreme points; thus,
with the aid of eqs.(9),(10) we obtain for lengths par-
allel to the motion and perpendicular to it, the values
l‖ “ β21γ1lo and lK “ β1γ1lo, respectively, where lo is
the rest length; then, volume of moving bodies varies as
β41γ
3
1 times the volume at rest. For clocks in motion,
time intervals are seen as γ1∆to, where ∆to is the corre-
sponding lapse of proper time. However, all expressions
considered here reduce to the respective relativistic ones
when β21 ąą ǫ2. The appearance of the regularization
factor β1γ1 in our space-time measures, see eqs.(11), lead
us to consider the existence of a preferred inertial frame.
For instance, we can think of either a frame associated to
the cosmic microwave background corrected by the dipole
[14],[15] or a “cosmic rest frame” of comoving observers
in a FLRW model [16].
III. SUPERLUMINAL MOTIONS
As we have mentioned above, in present work the au-
thor proposes that besides the causal structure of space-
time for subluminal motions, there could be another
causal structure for superluminal motions. This hypoth-
esis implies the existence of at least a speed very much
larger than the speed of light in vacuum, say, c2 ąą c,
which for inertial observers in uniform relative superlumi-
nal motion behaves as an invariant and top speed, which
in turns can be associated to a new metrical null cone. In
effect, this new null cone enables one to think of super-
luminal timelike intervals and curves as we deal with in
the next section. But if as many researchers working on
superluminal motions think (see, e.g. Hill and Cox [13]),
material particles in superluminal motion or tachyons
have speeds in the open interval of reals 1 ă v{c ă 8,
then one could also admit the possible existence of other
invariant and top speeds, say, c3 ąą c2, c4 ąą c3, etc.,
in such a manner that speeds are partitioned in inter-
vals of the type 0 ď v ď c for subluminal motions, and
c ă v ď c2, c2 ă v ď c3, and so on, for superluminal
motions. We have included the top speeds for each in-
terval of speeds or “regime of motions” for two reasons,
namely, because (i) these top speeds are admitted by the
generalized dimensionless rule for velocity addition, and
(ii) for if we accept them as special cases in our space-
time measures, making these measures non-divergent at
v “ ck, then it results a rule for finding the values of each
top speed ck for every k ě 2.
Let us consider initially the first range of superluminal
motions; the set of space-time measures for this motions
regime should imply a similar (in algebraic form) compo-
sition rule for dimensionless speeds but which takes into
account c2 instead of c. We know that eqs.(4),(5) infer
Einstein’s rule for velocity addition given here by eq.(7)
in a compact form. Thus, we need corresponding β2 and
γ2 factors, where the subindex k “ 2 stands for super-
luminal motions under the c2-cone regime. For the β2
expression we have that it vanishes when v “ c2 as we
infer from the third of eqs.(5). To find an expression for
γ2, we take into account that γ1 “ ǫ´1 at v “ c, and
that the new gamma factor, γ2, increases as u
2 goes up,
till one reaches the new maximum speed, say, c2. As the
gamma factor γ1 “ ǫ´1 at the speed c1 “ c, we reason-
ably assume that γ2 “ 2ǫ´1 when v “ c2, and in general,
γk “ kǫ´1 at v “ ck. We can obtain this result (for
k “ 2) combining positive and negative powers of ǫ2:
γ2 “ ǫ´1 ` pǫ´2 ` 1` ǫ2 ´ u2q´1{2. (15)
From this expression we obtain the new limit speed for
the first superluminal regime, c2, by considering that γ2
equals 2ǫ´1 at v “ c2:
c2 “ pǫ´2 ` 1q1{2c » ǫ´1c „ 5ˆ 1026c. (16)
This is a huge speed. The value of v “ c2 given above
takes into account the estimative value of ǫ´2 as given by
eq.(28). In our description, the γ1 factor given by eq.(3)
is valid for squared dimensionless speeds in the range
0 ď u2 ď 1, that is, in the subluminal regime, while the
γ2 factor given by eq.(15) applies in the range of squared
dimensionless superluminal speeds 1 ă u2 ď ǫ´2 ` 1; in
both cases u “ v{c. Lengths of moving bodies and time
intervals given by clocks in this superluminal regime can
be derived using the same procedures as done for the
subluminal case: L‖ “ β22γ2lo, LK “ β2γ2lo, ∆t “ γ2∆to.
These expressions have an interesting behaviour as, for
in all of them appears a factor on the order of ǫ´1 for
most conceivable speeds. In effect, if u22 ! 1, then β2 »
p1 ´ u2
2
{2q and γ2 » pǫ´1 ` ǫ{β2q, which in turns can be
approximated to the unit and to ǫ´1, respectively. At
the second limit speed, c2, eqs.(4),(5), give x “ c2t “
2ǫ´1px1 ` c2t1q, which is similar in form to eq.(6) except
for a factor of 2, whilst measures y, z vanish.
We will find now the appropriate expressions for γk, ck;
the one for βk is given by eq.(5). We see that eqs.(4),(5)
imply eq.(7) for speed addition in a compact form, which
let ck as the maximum speed in the interval ck´1 ă v ď
ck, for any integer k ě 2. We obtain γk for any k ě 2,
using only positive and negative powers of ǫ2, considering
that it has an accumulated pk´ 1qǫ´1 from the previous
speeds range and that it should equal to kǫ´1 at the top
speed ck of the respective speeds interval. Further, as in
the expression for γ2 there are terms with positive and
negative powers of ǫ2, then we shall use higher positive
and negative powers of it keeping “symmetry” in these
powers, that is, if there appears the power ǫ´2j then there
appears also the power ǫ2j. Using these considerations
we have (k ě 2):
5γk “ pk ´ 1qǫ´1 ` ǫk´2
«
k´1ÿ
j“1
`
ǫ´2j ` ǫ2j˘` 1´ u2
ff´1{2
.
(17)
The condition imposed on the factor γk at the maximum
speed of the associated range, gives us the expression of
ck for k ě 2:
pck{cq2 “
k´1ÿ
j“1
ǫ´2j `
k´2ÿ
j“0
ǫ2j , (18)
which reduces to the expression given by eq.(16) for
k “ 2. For any k ě 2 eqs.(16),(18) tell us that in
first approximation ck » ǫ´k`1c. For all ck one has that
y “ z “ 0, and:
x “ ckt “ kǫ´1px1 ` ckt1q, and x1 “ ckt1, (19)
which is a generalization of eq.(6). The first of eqs.(19) is
obtained directly from eqs.(4) making uk “ 1, that is, for
v “ ck. For that value eqs.(5) give y “ z “ 0. The second
of eqs.(19) is obtained through a limit procedure, making
use of the l’Hoˆpital rule of calculus applied to eqs.(8),(9).
IV. CAUSAL STRUCTURE
Let M be the set of all events in space-time; every
point of it has four components, such that each point or
event p can be written in components as px0, x1, x2, x3q,
of which the former contains time, x0 “ ct. We can
define on M a quadratic form generalizing the one pro-
posed by Zeeman [17], and Kronheimer and Penrose [18],
such that if p and q are events, with components xα, yβ,
respectively, with α, β : 0, 1, 2, 3, then:
Qkpp, qq “ pck{cq2px0 ´ y0q2 ´
3ÿ
i“1
pxi ´ yiq2. (20)
If the event q lies in some small open neighborhood of
the event p, there exists the possibility to have a differ-
ential which can be called a “k-interval”:
ds2k “ c2kdt2 ´ dx2 ´ dy2 ´ dz2, (21)
where ckdt, dx, dy, and dz can be obtained from
eqs.(4),(5) with uk, βk, γk constants; ck is given by
eq.(18) for k ě 2 and c1 “ c. For each k ě 1, k an
integer, one has a motions regime, that is, an interval of
speeds for which there is a top and invariant speed ck and
a set of space-time measures given by eqs.(4),(5). The k-
intervals are said to be k-timelike or k-null depending if
the value of ds2k as given by eq.(21) is positive or zero,
respectively. From eq.(21) one obtains a metric gk for
every motions regime, which results to be conformal to a
Minkowskian metric η for the primed variables:
gk “ β2kγ2kη. (22)
The notions of causal precedence (ă) and of chrono-
logical (Î) precedence as developed by Kronheimer and
Penrose [18], can be generalized for all motion regimes
distinguishing them with an index k ě 1, taking into
account the causality and chronological relations as de-
scribed by Carter [19], such that given two events of the
space-time manifold, say, p, q P M, then p causally pre-
cedes q with respect to some “auxiliary set” U ĂM,
p ă
U
q, if : x0 ă y0 and Qkpp, qq ě 0, (23)
under the condition to be restricted to the subset U ĂM.
For subluminal motions, k “ 1, and our set U is confined
to the light cone and its interior; let us denote it as U1.
For k “ 2, the first superluminal regime, the auxiliary
set U , say, U2, is restricted to the region within the light
cone (excluding it) and the second null cone, including
it. In general, for any motion regime distinguished by
some k ě 2, the corresponding set Uk is restricted to the
region within the (k´ 1)-null cone, excluding it, and the
k-null cone taking it as part of this reference set. Then,
taking into account all motion regimes, labelled by an
integer k ě 1 we have the following partial orderings in
space-time for all cases:
p ă
Uk
q, if : x0 ď y0 and Qkpp, qq ě 0,
p Î
Uk
q, if : x0 ă y0 and Qkpp, qq ą 0,
pÑ
Uk
q, if : x0 ď y0 and Qkpp, qq “ 0.
(24)
In analogy with the definitions given by Kronheimer
and Penrose [18], we can call the above relations,
k-causal precedence, k-chronological precedence and
k-horismos, respectively. In the respective subset of
space-time associated to some pair of events in the
same motion regime, in which one of them causally
or chronologically precedes the other, one can link the
two through a continuous succession of events, that is,
we link them by a curve in space-time. Any curve on
the space-time manifold is conceived as usual, that is,
as a map of an interval of the reals on the space-time
manifold; if the curve does not intersect with itself, then
it is a simple curve. In present work we say that in
space-time a curve is a k-timelike curve if every pair of
events on it, say, p, q P λk, where λk is the k-timelike
curve, are such that Qkpp, qq ą 0. We say also that a
µk curve is a k-null curve if for every pair of events on
it, p, q P µk, one has that Qkpp, qq “ 0. If these curves
are future directed, one has further that if they go from
event p to event q, then x0 ă y0.
6Under the previous partial orderings in space-time and
given a motion regime labeled by k, we see that if the
event p chronologically precedes the event q, then there
is at least one k-timelike curve joining them from p to q
as time runs forwardly. Similarly, if the event p causally
precedes the event q, then as time goes on, there is either
a k-timelike curve or a k-null curve in the sense from p
to q. Thus, for any event p PM, we define the following
regions of space-time which lead us to the notion of the
causal structure of space-time for each regime of motion:
I`k ppq “tq PM : p Î
Uk
qu,
I´k ppq “tq PM : q Î
Uk
pu,
J`k ppq “tq PM : p ăUk qu,
J´k ppq “tq PM : q ăUk pu,
N`k ppq “tq PM : pÑUk qu,
N´k ppq “tq PM : q ÑUk pu,
(25)
which can be called the k-chronological future, k-
chronological past, k-causal future and k-causal past of
the event p, respectively, for the first four subsets of
space-time associated to p, and for the last two above
we call them the future and past k-null cones, respec-
tively. In Fig.1 we represent the first two past and future
metrical null cones associated to some event p PM; they
are not drawn to scale and are labeled as the N`
1
ppq,
N`
2
ppq regions in the upper part of the figure and the
regions N´
1
ppq, N´
2
ppq in the lower part of it. We also
see there the regions of k-chronological past and future
of the event p, with k “ 1, 2, that is, for the sublumi-
nal (I´
1
ppq, I`
1
ppq) and first superluminal (I´
2
ppq, I`
2
ppq)
motion regimes.
According to Kronheimer and Penrose [18] the set
M together with the partial orderings like our k-causal
precedence, k-chronological precedence and k-horismos,
constitute a causal space; in our case, causality in space-
time is by regions, each one corresponding to a motion
regime denoted by a natural number k; in this way, our
space-time is causally multi-structured. There are also
events which belong to the achronal hypersurface of p,
that is, events which are outside any k-causal past or
future region of p. Thus, we define the achronal hyper-
surface associate to the event p by:
σppq “ tq PM : Qkpp, qq ă 0, @k P Nu,
where N is the set of natural numbers. In Fig.1 we show
also the hypersurface σppq. If events p1, p2 P M belong
to σppq, then their achronal hypersurfaces are congruent
with σppq. Therefore, we can define achronal hypersur-
faces independently of some given event as:
σ “ tp PM : Dq PM, Qkpp, qq ă 0, @k P Nu. (26)
These spacelike hypersurfaces are 3-dimensional man-
ifolds or slices of space-time. Let σ1, σ2 be two achronal
FIG. 1: Given some event p one has their associated past
and future c1 and c2-cones, and the corresponding 1-,2-
chronological past and future regions.
hypersurfaces. Then, if the points (i.e. events) in one
of them are reachable from the other through future
directed k-timelike or k-null paths, we can label each
achronal surface σ by some time tpσq, based on Geroch’s
splitting theorem [20] applied to our flat space-time, such
that tpσ2q ą tpσ1q if points on σ2 are reachable from some
point on σ1 through future directed k-null or k-timelike
paths. To see it, we can construct as many k-null cones
as desire at every point on σ1 and look their intersection
with the other hypersurface σ2. Intuitively, we can take a
look at Fig.1 for a flat 3D space-time (2+1) and imagine
that the plane containing the event p there is σ1; thus,
σ2 will be in the upper part or the lower part of that fig-
ure. If we choose the first option, then the regions of σ2
which belong to either J`
1
ppq or J`
2
ppq are such that their
points can be joined from p P σ1 either through future
directed k-null or k-timelike paths, with k “ 1, 2.
V. AN INTERPRETATION
The appearance of a set of top and invariant speeds
by pieces, partition speed values in sets of nonnegative
real numbers or intervals which we can call speed ranges,
being the first one closed at both sides, that pertaining
7to the subluminal regime, whilst the others are open in
the lower end and closed in the upper value and which
correspond to superluminal regimes. This fact and
taking also into account that measuring factors γk, βk
take the maximum and minimum value, respectively, at
the top speed of the respective speeds range, enable us
to infer a new property of matter, and is the existence
of an indefinite large number of metrical k-null states of
matter which determine the behaviour of any material
body depending on its speed with respect to those of the
k-null states. Thus, we introduce in present work the
following postulate:
Space-time is locally causal at all motion regimes,
which are determined by a denumerable set of speeds
associated to metrical null cones,
where a denumerable or countably infinite set is one
which has the same cardinality than the set of natural
numbers. Thus, if C “ tck : k P Nu is the set of all
speeds associated to metrical null-cones, then we see that
for every natural number k there is one speed ck associ-
ated to the respective k-null cone. This postulate is a
generalization of the corresponding postulate proposed
by Hawking and Ellis [4]. It enables one to introduce
the quadratic form given by eq.(20), or more general,
the k-interval of eq.(21). Lorentz like matrices of the
type given by eq.(12) are necessary for they imply the
invariance of the top speed ck for each motion regime, i.e.
for each k ě 1. Then, after a Lorentz like transforma-
tion space-time measures are subject to a regularization
transformation as stipulated by eq.(11), because the top
speed ck is included in the respective speeds interval in
the partition of speeds. Though our eqs.(4),(5) do not
diverge for v “ ck, it does not mean that it serves as
a reference frame to describe events, because eq.(7) de-
rived from these equations imply that anyway it is seen
with speed ck by any inertial observer. These special
states of space-time measures have only one degree of
freedom, for in that case y, z “ 0, and x “ ckt. Fur-
ther, we have x1 “ ckt1. To see it, let us examine the
light case. If we take the limit uÑ 1 in eqs.(8),(9), con-
sider eq.(3) for γ1, and the third of eqs.(5) for β1, one
obtains x1 “ ct1 “ ǫx{2. This result enables us to exam-
ine the behaviour of our space-time eqs.(4),(5) for light,
that is, for eq.(6). It tell us that half of the structure
associated to photons lies in x1 whilst the other half cor-
responds to ct1. A possible interpretation of this result is
that physical measures associated to light reside in every
point of that part of it, denoted by x1 and measured as
ǫ´1x1 “ x{2; the other half, that pertaining to ct1, in-
dicates a tendency to move, that is, to occupy an equal
amount of space, just contiguous to the first one, but to
be ocuppied a time ǫ´1t1 “ x{p2cq later. As both terms
appear in eq.(6) they are integral part of light structure.
Once the former half occupies the second one, it contin-
ues this tendency successively, that is, periodically, and
maybe this is the reason of its wavelike behavior. In ef-
fect, from the viewpoint of an inertial observer who sees
the propagation of some light ray, describing its position
by the vector r when his clock indicates the time t, the
physical situation of the propagation of the light ray re-
peats every time the difference r ¨ eˆ´ ct equals λ, where
eˆ indicates the direction of propagation and λ equals the
spatial period. If the situation is one in which there is
a continuous source of light in the given direction and
with spatial period λ (light wavelength), then as being
a periodic phenomenon, it can be described by means
of a periodic function like sine or cosine of an argument
or phase containing that difference over λ, which varies
from 0 to 1 and then one multiplies it by 2π, for it is the
period of basic trigonometric functions. We can redefine
p2π{λqeˆ as the wave vector k and calling frequency to
ν “ c{λ, ω “ 2πν, and obtain the usual description of
monochromatic light as:
A exp pipk ¨ r´ ωtqq ,
where A is the amplitude. For higher null-cones states
propagating at speeds ck, k ě 2 an integer, we have a
similar situation as can be inferred from eqs.(14),(19);
therefore, if they exist, their propagation should exhibit
a wavelike behaviour, too.
Going forward in our interpretation of the results pre-
sented here, we can think that when photons propa-
gate, or particles move, what are moving are their as-
sociated structures defined on the elementary bases of
space, understanding by them the finest partition of
space. When we go down looking for the finest parti-
tion of space, we find lengths on the order of Planck’s
length, LP “ p~G{c3q1{2. Planck [21] thought that when
we arrive to such lengths, space could be described in a
discrete manner, while for Sakharov [22] lengths of order
LP represent our limits of the concept of space in the
sense of localization. Wheeler thought of some kind of
pregeometry at such levels (see box 44.5 of [23]) as the
“basic building” of spacetime. For Smolin [24] our finest
partition of space is a very tiny volume given by L3P and
the finest time interval is tP “ LP {c, the Planck time.
Taking into account these ideas, the author of present
paper proposes here that what we interpret as a point in
our space-time measures given by eqs.(4),(5), or of their
inverses given by eqs.(8)-(10), is something of the order
of L3P in volume, which we will call here an element of
space or of the structures under discussion, like those as-
sociated to photons or particles, or even of some region
of space wherein there exists some field. On such ele-
ments of structures associated to photons or particles, or
of regions of space with fields, we can define geometrical,
kinematical or dynamical measures.
VI. VALUE OF ǫ2
To estimate a value for ǫ2 we see first that when
u “ 0, eqs.(1),(2) give us spacetime measures of type
δY {Y 1 » ´ǫ2{2 where δY “ Y ´ Y 1; in these couple of
8expressions Y denotes either x, y, z, ct, and Y 1 stands
for either of the corresponding primed variables. A possi-
ble interpretation is that in any vacuum, even if it is far
from the influence of ponderable matter or fields, vac-
uum has natural fluctuations and then if one put there a
test particle it should be influenced by these fluctuations.
For instance, our metric is such that δg{g » ´ǫ2 in first
approximation for u2 ăă 1. In effect, in the strict sublu-
minal (u ă 1) relativistic (β21 ąą ǫ2) case, our k-metric
(cf. eq.(22)) for k “ 1, approximates to:
g1 “
ˆ
1` ǫ
2
1´ u2
˙´1
η »
ˆ
1´ ǫ
2
1´ u2
˙
η. (27)
However, we should look for an observable quantity
in order to estimate a value for ǫ2 by analogy. In au-
thor’s opinion it is the case of the correction made on
the electron spin g-factor, pge ´ 2q{2, associated to the
anomalous magnetic moment of electron, first calculated
by Schwinger [25] and which is on the order of α{p2πq,
where α is fine’s structure constant, an effect basically
due to radiative corrections from vacuum fluctuations.
Weinberg [26] employs the concept of “charge radius”
in these calculations as the zone of net influence of vac-
uum fluctuations on the electron; we use here the Comp-
ton wavelength of electron, λe » 2.4 ˆ 10´12m, as an
approximation to the radius of the zone of influence of
vacuum fluctuations on the electron, as we infer from
Weisskopf [27]. As pointed out by Misner et al. [23] at
scales of distances comparable to Planck’s length LP ,
vacuum fluctuates, such that if δg denotes the fluctua-
tions in metric coefficients, they state that it is of order
of δg „ LP {l, where l is a linear scale of distance of
the “region under study”. We can make instead, a re-
interpretation of Misner, Thorne and Wheeler previous
idea by saying that λe{LP gives an integer number of
elements, say, No, as the number of associated vacuum
elements which should be taken into account for the ob-
served action of vacuum fluctuations on an electron, for
instance affecting its spin magnetic moment. We see that
the ratio of electron’s Compton wavelength over Planck’s
length gives on the order of 1023. In order to put well
known numbers, we can take No of the order of a familiar
quantity, say, Avogadro’s number, but taking it dimen-
sionless: No “ NA ˆ p1molq, where NA is Avogadro’s
number. According to our interpretation for light (see
previous section), the right hand side of eq.(6) can be
seen as light’s wavelength. Thus, and in agreement with
de Broglie’s hypothesis (λdB “ h{p), we can expect that
the term ǫ2 from vacuum fluctuations at every vacuum
element, multiplies the term ǫ´1 of particle’s wavelength,
such that the net effect of No vacuum elements on the
electron, Noǫ, gives the observed anomalous correction
to electron’s spin magnetic moment, i.e. α{p2πq. That
is, Noǫ “ α{p2πq, or:
ǫ2 “
´
N´1o
α
2π
¯2
» 3.7ˆ 10´54, (28)
which is an extremely tiny constant. From it, we see
that ǫ´1 » 5 ˆ 1026. Then, with these figures in mind
and eqs.(16),(18) one easily checks that ck`1{ck ąą 1 for
every k ě 1.
VII. DISCUSSION
It is well known that ponderable matter particles move
in space-time along timelike paths. This description is
usually done in the subluminal regime of motions. In
present work we extended the notion of timelike curves,
such that we have k-timelike curves, depending on the
regime of motions in which we describe material parti-
cles. Thus, the usual timelike curve is now a 1-timelike
curve. Let us consider now the theoretical possibility of
a change of the regime of motion for material particles.
Clearly, such a hypothetical change can not be done in
a continuous manner. If we consider a material particle
which has been accelerated from the rest till some speed
near but lesser than the speed of light in vacuum, all this
process is described in space-time by a 1-timelike path,
and if it surpasses the light speed it should be described
by a 2-timelike curve; in no moment it moves with light
speed during this transition, because if it does, ceases
to be a ponderable matter particle. Then, the transi-
tion from the subluminal regime to the first superluminal
regime of motions around light speed in vacuum, that is,
around the u2 “ 1 value, should be done in a discrete
way; as the γ1,γ2 factors contain the constant ǫ
2 as the
finest quantity there, then one can think that changes in
u2 are of the type:
u2 : 1´ n1ǫ2 Õ 1` n2ǫ2, (29)
where n1,n2 are positive real numbers, and the cited
transition is given by the left to right arrow above. The
other direction, the right to left transition, corresponds
to a change from the first superluminal regime of
motions to the subluminal one. Measurement factors
γ1, γ2 given by eqs.(3),(15), respectively, enables one
to think that the real numbers n1,n2 in eq.(29) are
integers, because before the unit, u2 “ 1 ´ ǫ2 in γ1.
If we have now in this regime some u2 “ 1 ´ n1ǫ2, n1
a natural number, it gives γ1 “ pn1 ` 1q´1{2ǫ´1; for
instance, if n1 “ 3 one obtains ǫ´1{2. For the first
superluminal regime, we can consider that the minimum
squared dimensionless speed equals u2 “ 1 ` ǫ2, which
corresponds to γ2 “ ǫ´1 ` ǫ. According to eq.(29) net
changes in u2 are ˘pn1 ` n2qǫ2 where the plus sign
applies for the subluminal to superluminal transition.
We illustrate this transition in Fig.2; there, p is some
event of space-time where a transition happens as de-
scribed by eq.(29).
One of the goals of NASA’s Breakthrough Propulsion
Physics Program (BPPP), as reported by Millis [28], was
looking for a possible transition around the speed of light
value for a material body. The answer was negative, for
9FIG. 2: A ponderable matter particle could make a transition
from the subluminal regime of motions to the superluminal
one at some event p through a discrete jump in u2 “ v2{c2
around the unit in terms of ǫ2.
present day physics does not allow it due to the contin-
uous character of speed changes, which implies an infi-
nite energy consumption. Present work enables to answer
that BPPP’s question affirmatively, as inferred from our
considerations above and eq.(29). However, our proposi-
tion differs from that made by Alcubierre [29]. In effect, a
ponderable matter particle can start at rest, accelerates
to a speed near but lesser than light speed in vacuum,
following a 1-timelike curve, and at some event (say, p)
make a discrete transition in u2 according to eq.(29), then
it changes its path in space-time as a 2-timelike curve.
Thus, the incoming 1-timelike curve of the particle, say,
λ´
1
, belongs to the region I´
1
ppq and the path after the
discrete change in u2, say, λ`
2
lies in the region I`
2
ppq.
In Fig.2 we represent this conceptual change; the dotted
path in the region I`
1
ppq would be the path followed by
the particle if no discrete change in u2 occurs at event
p. Mathematically, λ´
1
and λ`
2
coincide at event p but
their slopes differ there due to the change described by
eq.(29). This change is done at some “instant of time”,
which according to Smolin [24] is a lapse of time equals
to Planck time tP “ LP {c, as it corresponds to the finest
partition of time.
VIII. CONCLUSIONS
In present article we obtain for the subluminal
regime of motions, space-time measures which, in first
approximation reduce to Lorentz transformations, do
not diverge for v “ c, and keep invariant light speed
in vacuum for inertial observers under uniform relative
motion, thus preserving causality. This set of space-time
measures are given explicitly by eqs.(1),(2), or by
eqs.(4),(5) with k “ 1. In this regime of motions, called
here the subluminal regime, c1 “ c, γ1 is given by eq.(3)
and β1 by eq.(5) with u1 “ v{c1. However, we see also
that we can take other values of k in eqs.(4),(5), for
instance k “ 2, or even we can consider higher (positive)
integer values with appropriate values of γk, βk and ck,
which correspond to what we call here superluminal
regimes, being the first one that associated to the
range of speeds c ă v ď c2, where γ2, c2 are given by
eqs.(15),(16), respectively; the factor β2 is calculated
using eq.(5) with u2 “ v{c2.
For arbitrary k ě 2, that is, for all superluminal
regimes, we have uk “ v{ck, and γk, ck are given by
eqs.(17),(18), respectively, and βk is given by eq.(5). If
we write u without the subindex k, it means u “ v{c for
any range of speeds we are dealing with, as for instance
in the expressions for γ1, γ2, and γk. Superluminal
regimes have speed intervals of type ck´1 ă v ď ck,
such that the top (and invariant) speed of the range
approximately equals ck » ǫ´k`1c -cf. eq.(18); therefore,
ck`1{ck » ǫ´1, thus ck`1 " ck. At speed ck, the top
speed of any speeds range, the γk factor takes the value
kǫ´1; we interpret here the states with speed ck as the
speeds of the associated metrical null cones, which de-
termine the description of any material body depending
on its speed with respect to them. An interpretation for
these special states associated to the signals propagating
at speed ck was done, which behave as phenomena of
one degree of freedom with respect to the direction of
propagation and show a periodic behaviour.
Based on the results developed in present work, we
have then generalized the “local causality” postulate of
space-time given by Hawking and Ellis, by asserting that
the local causality holds for all motion regimes, the sub-
luminal one and all superluminals, and the partition of
motion regimes are given by a denumerable set of met-
rical null cones, each one characterized by some top and
invariant speed ck. We introduce a k-metric in eq.(22),
where the natural number k identifies the motion regime
such that k “ 1 corresponds to the subluminal regime.
We talk of k-timelike and k-null intervals -cf. eq.(21), as
well as k-timelike and k-null paths which can be traced
from/to a given event. Thus, we can connect event pairs
through these paths and obtain a partial ordering in
space-time, such that we can speak that some event p
causally or chronologically precedes other event q. With
these tools in hand we have developed a causal structure
of our space-time. Past and future regions of space-time
causally or chronologically related to some given event p,
were also considered for all motion regimes. Here we de-
note them by J˘k ppq, I˘k ppq, respectively, where the plus
sign denotes future zones whilst the negative sign stands
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for the past ones.
We also estimate a value for our constant ǫ2 » 3.7 ˆ
10´54, based on simple arguments which take into ac-
count the ideas of Misner et al. [23] who consider the
nature of vacuum fluctuations as fluctuations occurring
at Planck levels of distances, and also arguing that they
can be seen as an anomalous magnetic moment of elec-
tron; in this case we take into account the finest partition
of space as Planck length.
Finally, we can say that our space-time measures given
by eqs.(4),(5) and the associated causal structure, enable
us to think of making a discrete transition between the
subluminal and the first superluminal regime as stipu-
lated by eq.(29). To properly carry out it, one needs
new dynamical measures compatible with our spacetime
measures, indicating us how to carry out it, so work in
this direction should be done. In a forthcoming work,
the author will present dynamical measures compatible
with present space-time measures, so a way to think of
this kind of transition can be theoretically explored.
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